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Robust Eigenvalue Assignment with Maximum Tolerance
to System Uncertainties
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For a linear time-invariant system with a feedback controller, the closed-loop eigenvalues perturb due to
system uncertainties. Given an allowable tolerance for the closed-loop eigenvalue perturbation, an algorithm is _
developed to obtain a state feedback controller that maximizes the uncertainty tolerance of the open-loop system
matrix. The design procedure is based on an existing eigenvalue assignment technique using Sylvester’s equation.
A robustness condition is derived to guarantee satisfaction of a specified closed-loop perturbation tolerance.
Finally, an iterative algorithm is presented for easy numerical implementation to compute the robust controller,

and a numerical example is given for illustration.

Nomenclature

= open-loop state matrix
= matrix with desired closed-loop eigenvalues
= control input matrix
= perturbation structure in 4
= state feedback matrix
= free parameter matrix
= identity matrix
= optimization index or cost function
= left singular vector corresponding to a(-)
= right singular vector corresponding to o(-)
= solution of Sylvester’s equation
= self-conjugate set of desired eigenvalues
-) = set of eigenvalues of matrix (-)
-} = maximum singular value of matrix (-)
o(-) = minimum singular value of matrix (-)
Il - Il = spectral norm of matrix (-)
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I. Introduction

HE eigeénvalue assignment problem by state feedback is

one of the most fundamental problems in linear control
theory. For a given controllable system, the problem is to find
a state feedback gain matrix to move the open-loop. eigeiival-
ues to the desired closed-loop eigenvalues. Since the pioneer-
ing work by Wonham,! who used controllable canonical
forms, numerous publications have followed. Some of these
algorithms are only for the case of a single-input system or to
reduce the multi-input problem to a single-input system. For
more than a decade, improvements have been made to treat
multi-input problems directly and to inchide additional re-
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quirements -such as robustness and minimum norm gains by
manipulating the nonuniqueness of the eigenvalue assignment
solution.

For many practical problems, exact eigerivalue assignment
may not be necessary, and any location in some neighborhood
of the desired ones is usually acceptable as long as they satisfy
the performance requirements. The model of the open-loop
system often contains parameter uncertainties due to modeling
errors, time- or environment-dependent parameters, etc. For a
given state feedback gain that assigns the closed-loop eigen-
values at the exact desired locations, perturbations in the
open-loop matrix may cause the closed-loop eigenvalues to
move away from the desired locations. It may be useful, and
certainly interesting, to determine the maximum allowable
parameter perturbations that still guarantee satisfaction of a
tolerance requirement given for the closed-loop eigenvalues.
This may be obtained by searching over the entire family of
state feedback gains that assign the closed-loop eigenvalues at
the desired locations. Of course, this is useful only for the case
of a multi-input system since the gain is unique for a single-
input system.

In this paper, a novel algorithm is developed for obtaining
a state feedback controller for a given linear time-invariant
system that guarantees the closed-loop eigenvalues to remain
within a specified neighborhood while allowing maximum
perturbations in the open-loop system matrix. Although per-
turbations may also occur in the open-loop influence matrix,
they are not considered in this paper. In addition, it is assumed
that the state feedback matrix is computed accurately and not
subjected to perturbation. The approach is to improve itera-
tively the margin of parameter variations within the desired
closed-loop eigenvalue tolerance. The proposed design proce-
dure is based on the eigenvalue assignment algorithm given in
Ref. 2. In Sec. II, an effective eigenvalue assignment al-
gorithm? is described briefly. In Sec. III, a novel robustness
condition is derived to guarantee a specified closed-loop
perturbation tolerance. In Sec. IV, an iterative algorithm is
outlined for obtaining a robust controller that satisfies the
robustness condition and maximizes the tolerance of the open-
loop system matrix. In Sec. V, a numerical example is pro-
vided for illustration, including a discussion of numerical
results. Finally, a few concluding remarks are given.

II. Eigenvalue Assignment via Sylvester’s Equation

In this section, the eigenvalue assignment algorithm using
Sylvester’s equation? is described briefly. For a given control-
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lable pair (4,B), an observable pair (G,A), and a self-conju-
gate set of n complex numbers A, the algorithm assumes the
following conditions:

MA) = A 6))
MAHNNA) =8 ()]

and
A is cyclic 3

where A(-) denotes the eigenvalues of (-). A cyclic matrix
contains a minimal polynomial® identical to its characteristic
polynomial.

Under the preceding assumptions on (4,B,A), the unique
solution X of the following Sylvester’s equation is generally
nonsingular with respect to the parameter matrix G.

AX-XA=-BG @

Equivalently, the unique solution X of Eq. (4) is nonsingular
for every G except those lying in a proper algebraic variety.
For every G outside this variety,

M4 + BGX-)= 7;(21) o)

which gives a state feedback gain

F=GXx! (6)

for eigenvalue assignment by solving Eq. (4). The algorithm
provides a complete parameterization of the family of F in
terms of the free parameter matrix G. Several choices of
numerically stable algorithms, such as singular-value decom-
position,* the Bartels-Stewart algorithm,’ or the Hessenberg-
Schur method, are available to solve the preceding equations.
This parameterization was used to address a robust eigenstruc-
ture problem’ and a minimum norm state-feedback problem.?

III.  Robustness Condition
Assume that the given controllable system (4,B) and an
appropriate choice of (G, A) [A contains the desired closed-
loop eigenvalues and (G,A) is an observable pair with an
almost arbitrary choice of G} satisfy Eq. (4). Let the open-
loop matrix A4 contain the parameter perturbations, which can
be expressed as
A+AA :=A +e¢E +E,+ - +¢E, Q)
where ¢; and E; represent the magnitude and the perturbation
structure of the ith parameter, respectively.
The perturbation A4 about A + BF can be related to the
perturbation AA about A through the same similarity trans-
formation matrix, X, as in Eq. (4), such that

<A + Ee, )X XA +AA)= -BG ®)

ji=1

Combining Eqgs. (4) and (8) yields

<Ee, )X XAA=0 ©9)

or
r

LoX 'EX=AA (10)

Note that AA represents the perturbation of the closed-loop
state matrix in a coordinate system whose basis vectors are the

s
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columns of X, Taking the spectral norm of both sides of Eq.
(10) leads to

r

EEJ'X—

r

=1AA4l, < .E

AIXIEXN, (1)

Defining p; and p as
= Ix-Ex, (12a)
o 1= 1AA4l, (12b)

and substituting them into the preceding equation gives

r
p=Ylely :
j=1 3]

=llel leyl - le 1] [ #2
- |
Hr
€ .
N
u
—en (13)

Now take the vector norm of p

p2< llel? Il

EEs)

which results in

E El,;,ﬂ (15a)
i J

NAAR
T X EXTE —Ee (15b)

Before a robustness condition is derived, first observe the
following lemmas.

Lemma 1. A Jordan matrix A with its ith diagonal block 4;
having the structure

["‘" B’] for all i (16)
-8 o

is normal.
Lemma 2.3 A complex square matrix is unitary similar to a
complex diagonal matrix if, and only if, it is normal.
Lemma 3.° Let H-'4H =diag()\;), then for any AA, every
eigenvalue of (4 + AA) lies in at least one of the circular disks
given by

IN=N < IH- 'L IH I, 1AAN, an

where \ is an eigenvalue of 4 + AA4. -
_Lemma 4. If A is normal, then every eigenvalue of
(A + AA) lies in at least one of the circular disks given by

The proof of this lemma is clear from Lemmas 1-3.
Choosing a normal A is always possible whenever the de-
sired closed-loop eigenvalues are distinct. Based on the preced-
ing discussion, a robustness condition can be derived.
Theorem 1. For the given controllable pair (4,B), let A
contain the desired closed-loop eigenvalues, and for an appro-
priate choice of G, the state feedback F is given by the eigen-
value asmgnment algorithm shown in Ref. 2. Let ¢ for
j =1, ..., r denote the parameters of perturbation in A4, and
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the maximum tolerance in the perturbation of the closed-loop
eigenvalues be given by

p=1aA4l, (19)

If the total parameter variation ¥;e satisfies

E IAAN "
9 =T IXEXIE (20

then the closed-loop eigenvalues are guaranteed to remain
inside the given tolerance centered around the desired values.

Equation (20) defines the robustness condition used in this

paper. It is clear that, by a judicious choice of a state feedback
F, and equivalently X, one can improve the right-hand-side
expression in Eq. (20) to obtain a larger parameter perturba-
tion tolerance while maintaining the same closed-loop eigen-
value tolerance. An iterative procedure is formulated in the
sequel to obtain such a state feedback that can tolerate a
large-parameter variation.

IV. Iterative Algorithm for Robust Controller

To enlarge the guaranteed parameter perturbation toler-
ance, consider the following index to be minimized:

= HZE I.x - E; Xll2 QD

Since IAAl, is a given constant quantity (closed-loop eigen-
value tolerance), the index J is minimized by minimizing

= LIXEX ;=Y 6} (X E;X) (22)

J J
where §;(X ~'E;X) represents the maximum singular value of
XE;X. The closed-form expression of its gradient with
respect to G, and in turn G, can be easily computed. Indeed,

it is known using singular-value decomposition that
XEX=Yuywlo; 23)
i

and thus for the jth parameter,!?

A5 (X EjX)=a] A(X ~E;X)v; (24)

where ¥; and #; denote the right and left singular vectors
corresponding to §; . Furthermore,

AXEX) =AX-DEX +X'EAX)
= — X" 'AXX EX + X ~1E;A(X) 25)

Since o( - ) is a scalar quantity, the index J. becomes
Jo=tr {; GHX- lEjX)} (26)
and thus
AT, =21tr {E (X ~1E;X)A5,(X - ‘E,-X)}
J
=21t {E & (X EX)val AX - ‘E,-X)}
J
=21tr {E 5(X ' E;X)val
J
X[XE;AX)- X AX)X - ‘EjX]}

=21tr {E (X E;X)v;alX ~E; A(X)}
i
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—21tr [E 5(X EX)X T \E;Xviul X - 1A(X)}
J
=21tr {E a/(X E;:X)(v;ul X 7 E;
J
- X E;Xv;ua X ~HAX )} @7

Note that the solution X of the Sylvester’s equation [Eq @
is known as

X =Y Y vuA'BGA-! (28
kI
where
Yoo oot “t Yin
T:=
Yn1 s Yan

is the unique solution of
KIT-TK;=[10---0]"[10 - 0]
in which K] and Kj are the companion forms of matrices A
and A, respectively. The proof of this expression may be
found in Ref. 11. Consider a perturbation in Eq. (4) dueto G,
ALX + AQO]-[(X + ACDIA = —BIG +AG)]  (29)
and, equivalently,

AAX)-AX)A = —BA(G) (30)

From Eq. (28), the solution A(X) of Eq. (30) becomes

AX) = X Y yuA I BAG)A'! €3}
k I

Using Eq. (31) to rewrite Eq. (27) in terms of A(G) yields
AJ.=2tr {Z Y Y yvus(x-1EX)
i k1

X (va] X ~\E; — X ~'E;Xv;ua] X ~"DA*~'BA(G)A'~ 1}

o {z Y ydl- 'L (X - B, X)
k 1 J
<
VA
X (] X ~'E;j— X 'E; Xv;a] X ") Ak_lBA(G)}
e J

Y

Z(continued)
=21tr {E Y A1zt BA(G)} (32)
Lk ! . D
Y

From Eqgs. (30) and (31), it is clear that Y is the unique
solution of the equation

AY-YA=-2Z (33)
Therefore,

AJ. =2 tr{ YBA(G)} 34)
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where Y satisfies
AY - YA =-L5(X 'EX)
X (vl X" '115,-—)(- E; Xval X 1) (35)
Thus, the gradient of J, with respect to X becomes

aJ
G
The preceding problem can be viewed as an unconstrained
minimization problem

minimize J.[ X (G)] 37
G

where X and G satisfy Eq. (4). Although various alternative
algorithnis exist (see, for example, Ref. 12) for solving the
preceding nonlinear programming problem, a useful al-
gorithm is presented in the following, which is based on the
discrete Newton method.”? The algorithm includes several
steps.

0) Choose initial G® and A°® and compute X° from Eq. (4).

1) Compute 8J./0g from Eqgs. (35) and (36).

2) Compute 32J,/3g? from a ﬁmte-dlfference approximation.

3) Solve for update

EIA NS aJc>
loe= - (5
4) Update g = g + Ag.
5) Convergence check:
e IF l8J,/3gl < & (prescribed) AND 8%J,/3g%>0
THEN END
ELSE GOTO step 1
e ENDIF
In the preceding algorithm,

g : = vec(G) 39

For a given tolerance lAA41l, and a minimum value of J., one
can easily compute the corresponding maximum perturbation
tolerance of parameters. Although the discrete Newton method
is neither the most computationally efficient nor the most
reliable technique, the méthod is relatively easy to implement
and it fits our purpose of demonstrating the validity and
significance of the robustness measure introduced herein.

V. Ilustrative Examples

Consider a s1mple linear dynamic system of the three
lumped mass-spring-dashpot connected in series and fixed at
one.end (see Fig. 1). This system was used in Ref. 14 as an
illustrative example for robust eigensystem assignment for
flexible structures.

The equations of motion for the controllable force u; acting
on mass m, and force u, acting-on mass m; can be written as

M + Cq + Kq =Du, 9"=1[q ¢ g2

or

xT=1[q"q"]

Fig. 1 Three mass-spring-dashpot system.

J. GUIDANCE

Table 1 Closed-loop system parameters

Mode 2 ¢

Closed-loop eigenvalues
1 1.0 0.50 —0.5 +j0.866
2 2.0 0.50 —1.0£/1.732
3 3.0 0.50 —1.5+£,2.598
where
0 I 0
A= and B=
[—M‘IK —M“C] [M“D]

‘The mass, damping, stiffness, and force distribution matrices

are, respectively, chosen as

m
M = my
mg
i+ —¢ 0
C= -6 Ot —CG
0 —C3 c3

k1+k2 —kz 0

K = —kz k2+k3 —k3
0 —k3 ks

1 0

D=]0 0

01

Let the nominal values of the systerri parameters be

m1=1, m2=1; m3=1
Cy =0, Ca =0, C3 =0
k] =5, k2 =5, k3 =20

The desired closed-loop system eigenvalues are presented in
Table 1. ,

Our task is then to design a robust feedback gain, F, when
u = Fx, and to determine the allowable parameter perturba-
tion lel such that each closed-loop eigenvalue must remain
inside disks of radius 0.5 centered on the desired eigenvalue
locations. Consider the following two cases.

Case 1: If c; is the only parameter subject to perturbation,

" the open-loop matrix becomes

o 0 010 0]

0 0 0010

A+GE = 0 0 00 01

-10 5 0000

5 -25 20 0 00

| 0 20 -20 0 0 O]
[0 000 0 0
0000 0 0
+e, |00 00 0 0
6000 0 O
0000 -1 1
(0000 1 —1]

The minimum value of J, calculated after 19 iterations is

Jo = LIXE; X 13=4.9231269
J
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and the corresponding state feedback matrix is

@pg=

ROBUST EIGENVALUE ASSIGNMENT

real

Fig.2 Trace of closed-loop eigenvalues vs parameter perturbation in c;.

4

e@mg -

N
'
-
o

real

Fig. 3 Trace of closed-loop eigenvalues vs parameter perturbation in ¢y, ¢2, and c3.

( 3.8323

10.878

- 11.780
—-4.2903
9.5107

| -8.0873

- T

13.3411

- 66.8645

55.7871
2.75540
2.29038

~1.70964 |

Therefore, if the amount of perturbation in ¢; satisfies

IC;'ZS

AN

0.52

TIX-EXIE 4.9231269

the eigenvalues of the closed-loop system are guaranteed to
remain within the given tolerance. Figure 2 shows the trace of
each closed-loop eigenvalue as c¢; varies within the obtained
perturbation tolerance. All eigenvalues stay inside the given

tolerance.

619

Case 2: If ¢y, c,, and c¢; are parameters subject to perturba-
tion, the open-loop matrix becomes

The minimum value of J, computed after 26 iterations is

A+ C]El + CzEz + C3E3

Jo= YL IX-1EXN}="7.81342
J

and the corresponding state feedback matrix is

(

9.3383
—17.839
13.062
—2.1551
2.8182
—1.0225

3.2009
—32.091
28.550
—0.38881
3.7189

~3.8448 |
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Therefore, if the amount of perturbation satisfies

2 laAnz 0.52
Y lej12< .
e TIX-EXIZ 7.81342

the eigenvalues of the closed-loop system are guaranteed to
remain within the given tolerance. Figure 3 shows the trace of
each closed-loop eigenvalue, whereas the arbitrary combined
perturbation of ¢,, ¢;, and c; satisfies the given perturbation
tolerance.

VI. Conclusion

A new algorithm is introduced to determine a robust state
feedback so that the closed-loop eigenvalues remain within an
arbitrary neighborhood around their desired locations when
bounded parameter perturbations occur in the open-loop ma-
trix. The results are somewhat conservative, and the degree of
conservatism depends on the particular nominal plant and its
perturbation structure. A possible extension of this problem is
to specify an arbitrary tolerance limit for each closed-loop
eigenvalue. This problem may be more practical because, in
many cases, dominant eigenvalues should have smaller toler-
ance limits than those for less significant eigenvalues. The
formulation thus derived may allow larger tolerances of pa-
rameter perturbations than that presented in this paper.
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